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Abstrat. Blak holes are perhaps the most strange and fasinating
objets known to exist in the universe. Our understanding of spae and
time is pushed to its limits by the extreme onditions found in these
objets. They an be used as natural laboratories to test the behavior of
matter in very strong gravitational elds. Blak holes seem to play a key
role in the universe, powering a wide variety of phenomena, from X-ray
binaries to ative galati nulei. In this artile we will review the basis
of blak hole physis.
1. Introdution
Stritly speaking, blak holes do not exist. Atually, holes, of any kind, do not
exist. You an talk about holes of ourse. For instane you an say: there is
a hole in the wall. You an give many details of the hole: it is big, it is round
shaped, light omes in through it, even perhaps the hole ould be suh that you
an go through to the outside. But I am sure that you do not think that there
is a thing made out of nothingness in the wall. No. To talk about the hole is
atually an indiret way of talking about the wall. What really exists is the wall.
The wall is made out of briks, atoms, protons and leptons, whatever. To say
that there is a hole in the wall is just to say that the wall has a ertain topology,
a topology suh that not every losed urve on the surfae of the wall an be
ontrated to a single point. The hole is not a thing. The hole is a property of
the wall.
Let us ome bak to blak holes. What are we talking about when we talk
about blak holes?. Spaetime. OK, but what is spaetime?. Spaetime is the
set of all events of all things. Everything that has happened, everything that
happens, everything that will happen, is just an element, a point, of spaetime.
Spaetime is not a thing, it is just the way we represent the relations among all
things.
As with every set, we an equip spaetime with some mathematial stru-
ture, in order to desribe it. We shall adopt the following mathematial struture
for spaetime:
Spaetime is represented by a dierentiable, 4-dimensional, real manifold.
A real 4-D manifold is a set that an be overed ompletely by subsets whose
elements are in a one-to-one orrespondene with subsets of ℜ4. Eah element
of the manifold represents an event. We adopt 4 dimensions beause it seems
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enough to give 4 real numbers to loalize an event. For instane, a lightning has
beaten the top of the building, loated in the orner of streets 115 and 46, at 25
m above the see level, La Plata ity, at 4.35 am, loal time, Marh 2nd, 2008 (this
is my home, by the way). We see now why we hoose a manifold to represent
spaetime: we an always provide a set of 4 real numbers for every event, and
this an be done independently of the geometri struture of the manifold. If
there is more than a single haraterization of an event, we an always nd a
transformation law between the dierent oordinate systems. This is a basi
property of manifolds.
Now, if we want to alulate distanes between two events is spaetime, we
need more struture on our manifold: we need a geometri struture. We an
do this introduing a metri tensor that tell us how to alulate distanes. For
instane, onsider an Eulidean metri tensor δµν (indies run from 0 to 3):
δµν =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


Then, adopting the Einstein onvention of sum, we have that the distane
ds between two arbitrarily lose events is:
ds2 = δµνdx
µdxν = (dx0)2 + (dx1)2 + (dx3)2 + (dx3)2.
Restrited to 3 oordinates, this is the way distanes have been alulated sine
Pythagoras. However, the world seems to be a little more ompliated. After the
introdution of the Speial Theory of Relativity by Einstein (1905), the German
mathematiian Hermann Minkowski introdued the following pseudo-Eulidean
metri whih is onsistent with Einstein's theory (Minkowski 1907):
ds2 = ηµνdx
µdxν = (dx0)2 − (dx1)2 − (dx3)2 − (dx3)2. (1)
Notie that the Minkowski metri tensor ηµν has rank 2 and trae −2. We
all the oordinates with the same sign spatial (adopting the onvention x1 = x,
x2 = y, and x3 = z) and the oordinate x0 = ct is alled temporal oordinate.
The onstant c is introdued to make uniform the units. There is an important
fat respet to Eq. (1): ontrary to what was thought by Kant and others, it
is not a neessary statement. Things might have been dierent. We an easily
imagine possible worlds with other metris. This means that the metri tensor
has empirial information about the real universe.
One we have introdued a metri tensor we an separate spaetime at eah
point in three regions aording to ds2 < 0 (spae-like region), ds2 = 0 (light-like
or null region), and ds2 > 0 (time-like region). Partiles that go through the
origin an only reah time-like regions. The null surfae ds2 = 0 an be inhabited
only by partiles moving at the speed of light, like photons. Points in the spae-
like region annot been reahed by material objets from the origin of the light
one that an be formed at any spaetime point. Notie that the introdution
of the metri allows to dene the future and the past of a given event. Let us
onsider the unitary vetor T ν = (1, 0, 0, 0), then a vetor xµ points to the
future if ηµνx
µT ν > 0. In the similar way, the vetor points toward the past if
ηµνx
µT ν < 0. A light one is shown in Figure 1.
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Figure 1. Light one. From J-P. Luminet (1998).
We dene the proper time (τ) of a physial system as the time of a o-moving
system, i.e. dx = dy = dz = 0, and hene:
dτ2 =
1
c2
ds2. (2)
Sine the interval is an invariant (i.e. it has the same value in all oordinate
systems), it is easy to show that:
dτ =
dt
γ
, (3)
where
γ =
1√
1− (vc )2
(4)
is the Lorentz fator of the system.
A basi harateristi of Minskowski spaetime is that it is at: all light
ones point in the same diretion, i.e. the loal diretion of the future does not
depend on the oeients of the metri sine these are onstants. More general
spaetimes are possible. If we want to desribe gravity in the framework of
spaetime, we have to introdue a Riemannian spaetime, whose metri an be
exible, i.e. a funtion of the material properties (mass-energy and momentum)
of the physial systems that produe the events of spaetime.
In order to introdue gravitation in a general spaetime, we dene a metri
tensor gµν , suh as its omponents an be related to those of a loally Minkowski
spaetime dened by ds2 = ηαβdξ
αdξβ through a general transformation:
ds2 = ηαβ
∂ξα
∂xµ
∂ξβ
∂xν
dxµdxν = gµνdx
µdxν . (5)
In the absene of gravity we an always nd a global oordinate system
(ξα) for whih the metri an take the form given by Eq. (1) everywhere. With
gravity, on the ontrary, suh a oordinate system an represent spaetime only
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Figure 2. Tangent at spae at a point P of a urved manifold. From
Carroll (2003).
in an innitesimal neighborhood of a given point. This situation is represented
in Fig 2, where the tangent at spae to a point P of the manifold is shown.
The equation of motion of a free partile (i.e. only subjet to gravity) in a
general spaetime of metri gµν is:
d2xµ
ds2
+ Γµνρ
dxν
ds
dxρ
ds
= 0, (6)
where Γµνρ is the ane onnetion of the manifold, whih is expressed in terms
of derivatives of the metri tensor:
Γµνρ =
1
2
gµα(∂νgρα + ∂ρgνα − ∂αgνρ). (7)
Here we use the onvention: ∂νf = ∂f/∂x
ν
and gµαgαν = δ
µ
ν . Notie that
under a oordinate transformation from xµ to x
′µ
the ane onnetion is not
transformed as a tensor, despite that the metri gµν is a tensor of seond rank.
In a Riemannian spaetime the usual partial derivative is not a meaningful
quantity sine we an give it dierent values through dierent hoies of oordi-
nates. We an dene a ovariant dierentiation through the ondition of parallel
transport:
Aµ;ν =
∂Aµ
∂xν
− ΓλµνAλ. (8)
In this way, a tangent vetor satises V νVν ;µ= 0. If there is a vetor ζ
µ
pointing
in the diretion of a symmetry of spaetime, then it an be shown (e.g. Weinberg
1972):
ζµ;ν +ζν ;µ= 0. (9)
This equation is alled Killing's equation. A vetor eld ζµ satisfying suh a
relation is alled a Killing vetor.
From Eq. (6) we an reover the lassial Newtonian equations if:
Γ0i,j = 0, Γ
i
0,j = 0, Γ
i
0,0 =
∂φ
∂xi
,
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where i, j = 1, 2, 3 and φ is the Newtonian gravitational potential. Then:
x0 = ct = cτ,
d2xi
dτ2
= − ∂φ
∂xi
.
We see, then, that the metri represents the gravitational potential and the ane
onnetion the gravitational eld.
The presene of gravity is indiated by the urvature of spaetime. The
Riemann tensor, or urvature tensor, provides a measure of this urvature:
Rσµνλ = Γ
σ
µλ,ν − Γσµν,λ + ΓσανΓαµλ − ΓσαλΓαµν . (10)
The Rii tensor is dened by:
Rµν = g
λσRλµσν = R
σ
µσν . (11)
Finally, the Rii salar is R = gµνRµν .
The key issue to determine the geometri struture of spaetime, and hene
to speify the eets of gravity, is to nd the law that xes the metri one the
soure of the gravitational eld is given. The soure of the gravitational eld
is the energy-momentum tensor Tµν that represents the physial properties of
a material thing. For the simple ase of a perfet uid the energy-momentum
tensor takes the form:
Tµν = (ǫ+ p)uµuν − pgµν , (12)
where ǫ is the mass-energy density, p is the pressure, and uµ = dxµ/ds is the 4-
veloity. The eld equations were found by Einstein (1915) and independently by
Hilbert (1915) on November 25th and 20th, 1915, respetively. These equations
an be written in the simple form:
Rµν − 1
2
gµνR = (8πG/c
4)Tµν . (13)
This is a set of ten non-linear partial dierential equations for the metri oe-
ients. The set of equations is not unique: we an add any onstant multiple of
gµν to the left member of (13) and still obtain a onsistent set of equations. It is
usual to denote this multiple by Λ, so the eld equations an also be written as:
Rµν − 1
2
gµνR+ Λgµν = (8πG/c
4)Tµν . (14)
Lambda is a new universal onstant alled, beause of historial reasons, the
osmologial onstant. If we onsider some kind of substane with equation of
state given by p = −ρc2, then its energy-momentum tensor would be:
Tµν = −pgµν = ρc2gµν . (15)
Notie that the energy-momentum tensor of this substane depends only on the
spaetime metri gµν , hene it desribes a property of the vauum itself. We
an all ρ the energy density of the vauum eld. Then, we rewrite Eq. (14) as:
Rµν − 1
2
gµνR = (8πG/c
4)(Tµν + T
vac
µν ), (16)
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in suh a way that
ρvacc
2 =
Λc4
8πG
. (17)
There is evidene (e.g. Perlmutter et al. 1999) that the energy density of the
vauum is dierent from zero. This means that Λ is small, but not zero. The
negative pressure seems to be driving a osmi aeleration.
The onservation of mass-energy and momentum an be derived from the
eld equations:
T µν ;ν = 0. (18)
Despite the omplexity of Einstein's eld equations a large number of exat
solutions have been found. They are usually obtained imposing symmetries on
the spaetime in suh a way that the metri oeients an be found. The rst
and most general solution to Eqs. (13) was obtained by Karl Shwarszhild in
1916, short before he died in the Eastern Front of World War I. This solution,
as we will see, desribes a non-rotating blak hole of mass M .
2. Shwarzshild blak holes
The Shwarzshild solution for a stati mass M an be written in spherial
oordinates (t, r, θ, φ) as:
ds2 =
(
1− 2GM
rc2
)
c2dt2 −
(
1− 2GM
rc2
)−1
dr2 − r2(dθ2 + sin2 dφ2). (19)
This solution orresponds to the vauum region exterior to the spherial objet
of mass M . Inside the objet, spaetime will depend on the peuliarities of the
physial objet.
The metri given by Eq. (19) has some interesting properties. Let's assume
that the mass M is onentrated at r = 0. There seems to be two singularities
at whih the metri diverges: one at r = 0 and the other at
rSchw =
2GM
c2
. (20)
rSchw is know as the Shwarzshild radius. If the objet of massM is marosopi,
then rSchw is inside it, and the solution does not apply. For instane, for the Sun
rSchw ∼ 3 km. However, for a point mass, the Shwarzshild radius is in the
vauum region and spaetime has the struture given by (19). In general, we an
write:
rSchw ∼ 3
(
M
M⊙
)
km.
It is easy to see that strange things our lose to rSchw. For instane, the,
for the proper time we get:
dτ =
(
1− 2GM
rc2
)1/2
dt. (21)
When r −→∞ both times agree, so t is interpreted as the proper time measure
from an innite distane. As the system with proper time τ approahes to
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rSchw, dt tends to innity aording to Eq. (21). The objet never reahes the
Shwarszhild surfae when seen by an innitely distant observer. The loser
the objet is to the Shwarzshild radius, the slower it moves for the external
observer.
A diret onsequene of the dierene introdued by gravity in the loal time
respet to the time of an observer at innity is that the radiation that esapes
from a given r > rSchw will be redshifted when reeived by a distant and stati
observer. Sine the frequeny (and hene the energy) of the photon depend of
the time interval, we an write, from Eq. (21):
λ∞ =
(
1− 2GM
rc2
)−1/2
λ. (22)
Sine the redshift is:
z =
λ∞ − λ
λ
, (23)
then
1 + z =
(
1− 2GM
rc2
)−1/2
, (24)
and we see that when r −→ rSchw the redshift beomes innite. This means
that a photon needs innite energy to esape from inside the region determined
by rSchw. Events that our at r < rSchw are disonneted from the rest of the
universe. Hene, we all the surfae determined by r = rSchw an event horizon.
Whatever rosses the event horizon will never return. This is the origin of the
expression blak hole, introdued by John A. Wheeler in the mid 1960s. The
blak hole is the region of spaetime inside the event horizon.
What happens to an objet when it rosses the event horizon?. Aording
to Eq. (19), there is a singularity at r = rSchw. However, the metri oeients
an be made regular by a hange of oordinates. For instane we an onsider
Eddington-Finkelstein oordinates. Let us dene a new radial oordinate r∗ suh
that radial null rays satisfy d(t± r∗) = 0. Using Eq. (19) it an be shown that:
r∗ = r +
2GM
c2
log
∣∣∣∣∣r − 2GM/c
2
2GM/c2
∣∣∣∣∣ .
Then, we introdue:
v = ct+ r∗.
The new oordinate v an be used as a time oordinate replaing t in Eq. (19).
This yields:
ds2 =
(
1− 2GM
rc2
)
(c2dt2 − dr2∗)− r2dΩ2
or
ds2 =
(
1− 2GM
rc2
)
dv2 − 2drdv − r2dΩ2, (25)
where
dΩ2 = dθ2 + sin2 θdφ2.
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Figure 3. Spaetime diagram in Eddington-Finkelstein oordinates
showing an objet falling down into a blak hole. r = 2M = rSchw
is the Shwarzshild radius where the event horizon is loated (units
G = c = 1). Adapted form Townsend (1997).
Notie that in Eq. (25) the metri is non-singular at r = 2GM/c2. The only
real singularity is at r = 0, sine there the Riemann tensor diverges. In order
to plot the spaetime in a (t, r)-plane, we an introdue a new time oordinate
t∗ = v − r. From the metri (25) or from Fig. 3 we see that the line r = rSchw,
θ =onstant, and φ = onstant is a null ray, and hene, the surfae at r = rSchw
is a null surfae. This null surfae is an event horizon beause inside r = rSchw
all ones have r = 0 in there future. The objet in r = 0 is the soure of the
gravitational eld and is alled the singularity. We will say more about it in
Set. 9. For the moment, we only remark that everything that rosses the event
horizon will end at the singularity. This is the inesapable fate. There is no way
to avoid it: in the future of every event inside the event horizon is the singularity.
There is no esape, no hope, no freedom, inside the blak hole. There is just the
singularity, whatever suh a thing might be.
We see now that the name blak hole is not stritly orret for spaetime
regions isolated by event horizons. There is no hole to other plae. What falls
into the blak hole, goes to the singularity. The singularity inreases its mass
and energy, and then the event horizon grows. This would not happen if what
falls into the hole were able to pass through, like through a hole in the wall. A
blak hole is more like a spaetime preipie, deep, deadly, and with something
unknown at the bottom.
Orbits around a Shwazshild blak hole an be easily alulated using the
metri and the relevant symmetries (see. e.g. Raine and Thomas 2005). For
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k holes 9
irular orbits of a massive partile we have the onditions
dr
dτ
= 0, and
d2r
dτ2
= 0.
The orbits are possible only at the turning points of the eetive potential:
Veff =
√(
1 +
L2
r2
)(
1− 2rg
r
)
, (26)
where L is the angular momentum in units of m0c and rg = GM/c
2
the gravi-
tational radius. Then,
r =
L2
2rg
± 1
2
√
L4
r2g
− 12L2. (27)
For L2 > 12r2g there are two solutions. The negative sign orresponds to a
maximum of the potential and is unstable, and the positive sign orresponds to
minimum, whih is stable. At L2 = 12r2g there is a single stable orbit. It is
the innermost marginally stable orbit, and it ours at r = 6rg = 3rSchw. The
spei angular momentum of a partile in a irular orbit is:
L =
(
rgr
1− 3rg/r
)1/2
.
Its energy (units of m0c
2
) is:
E =
(
1− 2rg
r
)(
1− 3rg
r
)−1/2
.
The proper and observer's periods are:
τ =
2π
c
(
r3
rg
)1/2 (
1− 3rg
r
)1/2
and
T =
2π
c
(
r3
rg
)1/2
.
Notie that when r −→ 3rg both L and E tend to innity, so only massless
partiles an orbit at suh a radius.
The loal veloity at r of an objet falling from rest to the blak hole is (e.g.
Raine and Thomas 2005):
vloc =
(
2rg
r
)1/2
(in units of c). (28)
Then, the dierential aeleration the objet will experiene along an element dr
is
1
:
dg =
2rg
r3
c2 dr. (29)
1
Notie that dvloc/dτ = (dvloc/dr)(dr/dτ ) = (dvloc/dr)vloc = rgc
2/r2.
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The tidal aeleration on a body of nite size ∆r is simply 2rg/r
3c2 ∆r. This
aeleration and the orresponding fore beomes innite at the singularity. As
the objet falls into the blak hole, tidal fores at to tear it apart. This painful
proess is known as spaghettiation. The proess an be signiant long before
rossing the event horizon, depending on the mass of the blak hole.
The energy of a partile in the innermost stable orbit an be obtained from
the above equation for the energy setting r = 6rg. This yields:
E =
(
1− 2rg
6rg
)(
1− 3rg
6rg
)−1/2
=
2
3
√
2.
Sine a partile at rest at innity has E = 1, then the energy that the partile
should release to fall into the blak hole is 1− (2/3)√2 = 0.057. This means 5.7
% of its rest mass energy, signiantly higher than the energy release that an
be ahieved through nulear fusion.
An interesting question we an make is what is the gravitational aeleration
at the event horizon as seen by an observer from innity. The aeleration relative
to a hovering frame system of a freely falling objet at rest at r is (Raine and
Thomas 2005):
gr = −c2
(
GM/c2
r2
)(
1− 2GM/c
2
r
)−1/2
.
So, the energy spent to move the objet a distane dl will be dEr = mgrdl. The
energy expended respet to a frame at innity is dE∞ = mg∞dl. Beause of the
onservation of energy, both quantities should be related by a redshift fator:
Er
E∞
=
gr
g∞
=
(
1− 2GM/c
2
r
)−1/2
.
Hene, using the expression for gr we get:
g∞ = c
2GM/c
2
r2
. (30)
Notie that for an observer at r, gr −→ ∞ when r −→ rSchw. However, from
innity the required fore to hold the objet hovering at the horizon is:
mg∞ = c
2GmM/c
2
r2Schw
=
mc4
4GM
.
This is the surfae gravity of the blak hole.
Other oordinates an be introdued to study additional properties of blak
holes. We refer the reader to the books of Frolov and Novikov (1998) and Raine
and Thomas (2005) for Kruskal oordinates and further details. Now, we turn
to axially symmetri (rotating) solutions of the eld equations.
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3. Kerr blak holes
A Shwarzshild blak hole does not rotate. The solution of the eld equations
(13) for a rotating body of mass M and angular momentum per unit mass a was
found by Roy Kerr (1963):
ds2 = gttdt
2 + 2gtφdtdφ− gφφdφ2 − Σ∆−1dr2 − Σdθ2 (31)
gtt = (c
2 − 2GMrΣ−1) (32)
gtφ = 2GMac
−2Σ−1r sin2 θ (33)
gφφ = [(r
2 + a2c−2)2 − a2c−2∆sin2 θ]Σ−1 sin2 θ (34)
Σ ≡ r2 + a2c−2 cos2 θ (35)
∆ ≡ r2 − 2GMc−2r + a2c−2. (36)
This is the Kerr metri in Boyer-Lindquist oordinates (t, r, θ, φ), whih redues
to Shwarzshild metri for a = 0. In Boyer-Lindquist oordinates the metri is
approximately Lorentzian at innity (i.e. we have a Minkowski spaetime in in
the usual oordinates of Speial Relativity).
Note that the element gtφ no longer vanishes. Even at innity this element
remains (hene we wrote approximately Lorentzian above). The Kerr parameter
ac−1 has dimensions of length. The larger the ratio of this sale to GMc−2 (the
spin parameter a∗ ≡ ac/GM), the more aspherial the metri. Shwarzshild's
blak hole is the speial ase of Kerr's for a = 0. Notie that, with the adopted
onventions, the angular momentum J is related to the parameter a by:
J = Ma. (37)
Just as the Shwarzshild solution is the unique stati vauum solution of
Eqs. (13) (a result alled Israel's theorem), the Kerr metri is the unique sta-
tionary axisymmetri vauum solution (Carter-Robinson theorem).
The horizon, the surfae whih annot be rossed outward, is determined by
the ondition grr →∞ (∆ = 0). It lies at r = rh where
rh ≡ GMc−2 + [(GMc−2)2 − a2c−2]1/2. (38)
Indeed, the trak r = rh, θ = onstant with dφ/dτ = a(rh
2 + a2)−1 dt/dτ has
dτ = 0 (it represents a photon irling azimuthaly on the horizon, as opposed
to hovering at it). Hene the surfae r = rh is tangent to the loal light one.
Beause of the square root in Eq. (38), the horizon is well dened only for
a∗ = ac/GM ≤ 1. An extreme (i.e. maximally rotating) Kerr blak hole has a
spin parameter a∗ = 1. Notie that for (GMc
−2)2 − a2c−2 > 0 we have atually
two horizons. The seond, the inner horizon, is loated at:
rinnh ≡ GMc−2 − [(GMc−2)2 − a2c−2]1/2. (39)
This horizon is not seen by an external observer, but it hides the singularity to
any observer that has already rossed rh and is separated from the rest of the
universe. For a = 0, rinnh = 0 and rh = rSchw. The ase (GMc
−2)2 − a2c−2 < 0
orresponds to no horizons and it is thought to be unphysial.
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Figure 4. Left: A rotating blak hole and the Penrose proess.
Adapted from J-P. Luminet (1998). Right: Sketh of the interior of
a Kerr blak hole.
A study of the orbits around a Kerr blak hole is beyond the limits of
the present artile (the reader is referred to Frolov and Novikov 1998), but we
will mention several interesting features. One is that if a partile initially falls
radially with no angular momentum from innity to the blak hole, it gains
angular motion during the infall. The angular veloity as seen from a distant
observer is:
Ω(r, θ) =
dφ
dt
=
2GM/c2ar
(r2 + a2c−2)2 − a2c−2∆sin2 θ . (40)
Notie that the partile will aquire angular veloity in the diretion of the spin
of the blak hole. As the blak hole is approahed, the partile will nd an
inreasing tendeny to get arried away in the same sense in whih the blak
hole is rotating. To keep the partile stationary respet the distant stars, it will
be neessary to apply a fore against this tendeny. The loser the partile will
be to the blak hole, the stronger the fore. At a point re it beomes impossible
to ounterat the rotational sweeping fore. The partile is in a kind of spaetime
maelstrom. The the surfae determined by re is the stati limit: from there in,
you annot avoid to rotate. Spaetime is rotating here in suh a way that you
annot do anything in order to not o-rotate. You an still esape from the
blak hole, sine the outer event horizon has not been rossed, but rotation is
inesapable. The region between the stati limit and the event horizon is alled
the ergosphere. The ergosphere is not spherial but its shape hanges with the
latitude θ:
re =
GM
c2
+
1
c2
(
G2M2 − a2 cos2 θ
)1/2
. (41)
The stati limit lies outside the horizon exept at the poles where both sur-
faes oinide. The phenomenon of frame dragging ' is ommon to all axially
symmetri metris with dtφ 6= 0
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Roger Penrose (1969) suggested that a projetile thrown from outside into
the ergosphere begins to rotate aquiring more rotational energy than it originally
had. Then the projetile an break up into two piees, one of whih will fall into
the blak hole, whereas the other an go out of the ergosphere. The piee oming
out will then have more energy than the original projetile. In this way, we an
extrat energy from a rotating blak hole. In Fig. 4 we illustrate the situation
and show the stati limit, the ergosphere and the outer/inner horizons of a Kerr
blak hole.
The innermost marginally stable irular orbit rms around a extreme rotat-
ing blak hole (ac−1 = GM/c2) is given by (Raine and Thomas 2005):
(
rms
GM/c2
)2
− 6
(
rms
GM/c2
)
± 8
(
rms
GM/c2
)1/2
− 3 = 0. (42)
For the + sign this is satised by rms = GM/c
2
, whereas for the − sign the
solution is rms = 9GM/c
2
. The rst ase orresponds to a o-rotating partile
and the seond one to a ounter-rotating partile. The energy of the o-rotating
partile in the innermost orbit is 1/
√
3 (units of mc2). The binding energy of a
partile in an orbit is the dierene between the orbital energy and its energy
at innity. This means a binding energy of 42% of the rest energy at innity!.
For the ounter-rotating partile, the binding energy is 3.8 %, smaller than for
a Shwazshild blak hole.
4. Other blak holes
4.1. Reissner-Nordstrøm blak holes
The Reissner-Nordstrøm metri is a spherially symmetri solution of Eqs. (13).
However, it is not a vauum solution, sine the soure has an eletri harge Q,
and hene there is an eletromagneti eld. The energy-momentum tensor of
this eld is:
Tµν = −µ−10 (FµρFνρ −
1
4
gµνFρσF
ρσ), (43)
where Fµν = ∂µAν − ∂νAµ is the eletromagneti eld strength tensor and Aµ is
the eletromagneti 4-potential. Outside the harged objet the 4-urrent jµ is
zero, so the Maxwell equations are:
Fµν ;µ = 0, (44)
Fµν ;σ + Fσµ; ν + Fνσ ;µ = 0. (45)
The Einstein and Maxwell equations are oupled sine Fµν enters into the grav-
itational eld equations through the energy-momentum tensor and the metri
gµν enters into the eletromagneti equations through the ovariant derivative.
Beause of the symmetry onstraints we an write:
[Aµ] =
(
ϕ(r)
c2
, a(r), 0 0
)
, (46)
where ϕ(r) is the eletrostati potential, and a(r) is the radial omponent of the
3-vetor potential as r −→∞.
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The solution for the metri is given by
ds2 = ∆c2dt2 −∆−1dr2 − r2dΩ2 , (47)
where
∆ = 1− 2GM/c
2
r
+
q2
r2
. (48)
In this expression, M is one again interpreted as the mass of the hole and
q =
GQ2
4πǫ0c4
(49)
is related to the total eletri harge Q.
The metri has a oordinate singularity at ∆ = 0, in suh a way that:
r± = rg ± (r2g − q2)1/2. (50)
Here, rg = GM/c
2
is the gravitational radius. For rg = q, we have an extreme
Reissner-Nordstrøm blak hole with a unique horizon at r = rg. For the ase
r2g > q
2
, both r± are real and there are two horizons. Finally, in the ase r
2
g < q
2
both r± are imaginary there is no oordinate singularities, no horizon hides the
intrinsi singularity at r = 0. It is thought that naked singularities do not exist
in nature (see Setion 9. below).
4.2. Kerr-Newman blak holes
The Kerr-Newman metri of a harged spinning blak hole is the most general
blak hole solution. This metri an be obtained from the Kerr metri (31) in
Boyer-Lindquist oordinates by the replaement:
2GM
c2
r −→ 2GM
c2
r − q2,
where q is related to the harge Q by Eq. (49). The Kerr-Newman solution
is a non-vauum solution, as the Reissner-Nordstrøm is. It shares with Kerr
and Reissner-Nordstrøm solutions the existene of two horizons, and as the Kerr
solution it presents an ergosphere. Sine the eletri eld annot remain stati in
the ergosphere, a magneti eld is generated as seen by an observer outside the
stati limit. Charged blak holes might be a natural result from harge separation
during the gravitational ollapse of a star. It is thought that an astrophysial
harged objet would disharge quikly by aretion of harges of opposite sign.
However, there remains the possibility that the harge separation ould lead to
a onguration where the blak hole has a harge and a superonduting ring
around it would have the same but opposite harge, in suh a way the whole
system seen from innity is neutral. In suh a ase a Kerr-Newman blak hole
might survive for some time, depending on the environment. For details, the
reader is referred to the highly tehnial book by Brian Punsly (2001).
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5. Blak hole formation
Blak holes will form every time that matter is ompressed beyond its Shwarzshild
radius. This an our in a variety of forms, from partile ollisions to the im-
plosion of stars or the ollapse of dark matter in the early universe. The most
ommon blak hole formation mehanism in our Galaxy seems to be gravita-
tional ollapse. A normal star is stable as long as the nulear reations ourring
in its interior provide thermal pressure to support it against gravity. Nulear
burning gradually transforms the stellar ore from H to He and in the ase of
massive stars (M > 5 M⊙) then to C and nally to Fe. The ore ontrats in
the proesses, in order to ahieve the ignition of eah phase of thermonulear
burning.
Finally, the endothermi disintegration of iron-group nulei, whih are those
with the tightest bound, preipitates the ollapse of the ore to a stellar-mass
blak hole. Stars with masses in the range 20− 30 M⊙ produe blak holes with
M > 1.8 M⊙. Low-mass blak holes (1.5 M⊙ < M < 1.8 M⊙) an result from
the ollapse of stars of 18 − 20 M⊙ along with the ejetion of the outer layers
of the star by a shok wave in an event known as Type II supernova. A similar
event, ourring in stars with 10 − 18 M⊙ leaves behind a neutron star. Very
massive stars with high spin likely end produing a gamma-ray burst and a very
massive (M > 10 M⊙) blak hole. The binary stellar systems have a dierent
evolution. The interested reader an nd an omprehensive review in Brown et
al. (1999).
In Fig. 5 we show the Eddignton-Finkelstein diagram of the gravitational
ollapse of a star. One the null surfae of the light ones points along the time
axis the blak hole is formed: light rays will never be again able to esape to the
outer universe.
If the ollapse is not perfetly symmetri, any asymmetry in the resulting
blak hole is radiated away as gravitational waves, in suh a way that the nal
result is a blak hole that is ompletely haraterized by the three parameters
M , J , and Q. The blak hole, then, has no information about the details of the
formation proess.
6. Blak hole thermodynamis
The area of a Shwarzshild blak hole is:
ASchw = 4πr
2
Schw =
16πG2M2
c4
. (51)
In the ase of a Kerr-Newman blak hole, the area is:
AKN = 4π
(
r2+ +
a2
c2
)
= 4π
[(
GM
c2
+
1
c2
√
G2M2 −GQ2 − a2
)2
+
a2
c2
]
. (52)
Notie that expression (52) redues to (51) for a = Q = 0.
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Figure 5. An Eddington-Finkelstein diagram of a ollapsing star with
the subsequent blak hole formation. Adapted from J-P. Luminet
(1998).
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When a blak hole absorbs a mass δM , its mass inreases to M + δM , and
hene, the area inreases as well. Sine the horizon an be rossed in just one
diretion the area of a blak hole an only inrease. This suggests an analogy
with entropy. A variation in the entropy of the blak hole will be related to the
heat (δQ) absorbed through the following equation:
δS =
δQ
TBH
=
δMc2
TBH
. (53)
Partiles trapped in the blak hole will have a wavelength:
λ =
h¯c
kT
∝ rSchw, (54)
where k is the Boltzmann onstant. Then,
ξ
h¯c
kT
=
2GM
c2
,
where ξ is a numerial onstant. Then,
TBH = ξ
h¯c3
2GkM
, and S =
c6
32πG2M
∫
dASchw
TBH
=
c3k
16πh¯Gξ
ASchw + constant.
A quantum mehanial alulation of the horizon temperature in the Shwarzshild
ase leads to ξ = (4π)−1 and hene:
TBH =
h¯c3
8GMk
∼= 10−7K
(
M⊙
M
)
. (55)
We an write then the entropy of the blak hole as:
S =
kc3
4πh¯G
ASchw + constant ∼ 1077
(
M
M⊙
)2
k JK−1. (56)
The formation of a blak hole implies a huge inrease of entropy. Just to om-
pare, a solar mass star has an entropy ∼ 20 orders of magnitude lower. This
tremendous inrease of entropy is related to the loss of information about the
original system one the blak hole is formed.
The analogy between area and entropy allows to state a set of laws for blak
holes thermodynamis:
• First law (energy onservation): dM = TBHdS +Ω+dJ +ΦdQ. Here, Ω is
the angular veloity and Φ the eletrostati potential.
• Seond law (entropy never dereases): In all physial proesses involving
blak holes the total surfae area of all the partiipating blak holes an
never derease.
• Third law (Nernst's law): The temperature (surfae gravity) of a blak
blak hole annot be zero. Sine TBH = 0 with A 6= 0 for extremal harged
and extremal Kerr blak holes, these are thought to be limit ases that
annot be reahed in Nature.
• Zeroth law (thermal equilibrium): The surfae gravity (temperature) is
onstant over the event horizon of a stationary axially symmetri blak
hole.
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7. Quantum eets in blak holes
If a temperature an be assoiated with blak holes, then they should radiate as
any other body. The luminosity of a Shwarzshild blak hole is:
LBH = 4πr
2
SchwσT
4
BH ∼
16πσh¯4c6
(8π)4G2M2k4
. (57)
Here, σ is the Stephan-Boltzmann onstant. This expression an be written as:
LBH = 10
−17
(
M⊙
M
)2
erg s−1. (58)
The lifetime of a blak hole is:
τ ∼= M
dM/dt
∼ 2.5 × 1063
(
M
M⊙
)3
years. (59)
Notie that the blak hole heats up as it radiates!. This ours beause when the
hole radiates, its mass dereases and then aording to Eq. (55) the temperature
must rise.
If nothing an esape from blak holes beause of the existene of the event
horizon, what is the origin of this radiation?. The answer, found by Hawking
(1974), is related to quantum eets lose to the horizon. Aording to the
Heisenberg relation ∆t∆E ≥ h¯/2 partiles an be reated out of the ground
state of a quantum eld as far as the relation is not violated. Partiles must be
reated in pairs, along a tiny time, in order to satisfy onservation laws other
than energy. If a pair is reated lose to the horizon an one partile rosses
it, then the other partile an esape provided its momentum is in the outward
diretion. The virtual partile is then transformed into a real partile, at expense
of the blak hole energy. The blak hole then will lose energy and its area will
derease slowly, violating the seond law of thermodynamis. However, there is
no violation if we onsider a generalized seond law, that always holds: In any
proess, the total generalized entropy S+SBH never dereases (Bekenstein 1973).
8. Blak hole magnetospheres
In the real universe blak holes are not expeted to be isolated, hene the er-
gosphere should be populated by harged partiles. This plasma would rotate
in the same sense as the blak hole due to the eets of the frame dragging.
A magneti eld will develop and will rotate too, generating a potential drop
that might aelerate partiles up to relativisti speed and produe a wind along
the rotation axis of the hole. Suh a piture has been onsistently developed by
Punsly and Coroniti (1990a, b) and Punsly (2001).
Blandford and Znajek (1977) developed a general theory of fore-free steady-
state axisymmetri magnetosphere of a rotating blak hole. In an areting blak
hole, a magneti eld an be sustained by external urrents, but as suh urrents
move along the horizon, the eld lines are usually representing as originating
from the horizon and then being torqued by rotation. The result is an outgoing
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eletromagneti ux of energy and momentum. This piture stimulated the
development of the so-alled membrane paradigm by Thorne et al. (1986)
where the event horizon is attributed with a set of physial properties. This
model of blak hole has been subjeted to strong ritiism by Punsly (2001)
sine General Relativity implies that the horizon is ausally disonneted from
the outgoing wind.
Reent numerial simulations (e.g. Komissarov 2004) show that the key
role in the eletrodynami mehanisms of rotating blak holes is played by the
ergosphere and not by the horizon. However, globally the Blandford-Znajek
solution seems to be asymptotially stable. The ontroversy still goes on and a
whole bunh of new simulations are exploring the dierent aspets of relativisti
magneto-hydrodynami (MHD) outows from blak hole magnetospheres.
9. Singularities
A singularity is a region where the manifold M that represents spaetime is
inomplete. A manifold is inomplete if it ontains at least one inextendible
urve. A urve γ : [0, a) −→ M is inextendible if there is no point p in M suh
that γ(s) −→ p as a −→ s, i.e. γ has no endpoint in M . A given spaetime
(M,gab) has an extension if there is an isometri embedding θ : M −→ M ′,
where (M ′, g′ab) is a spaetime and θ is onto a proper subset of M
′
. A spaetime
is singular if it ontains a urve γ that is inextendible in the sense given above.
Singular spaetimes ontain singularities.
A so-alled oordinate singularity is not as real singularity. It seems to be
singular in some spaetime representation but it an be removed by a oordinate
hange, like the Shwarzshild singularity at rScwh = 2GM/c
2
in a Shwarzhild
spaetime. We an hange to Eddington-Finkelstein oordinates, for instane,
and then we see that geodesi lines an go through that point of the manifold.
Essential singularities annot be removed in this way. This ours, for instane,
with the singularity at r = 0 in the Shwarzshild spaetime or with the ring
singularity at r = 0 and θ = π/2 in the Kerr metri written in Boyer-Lindquist
oordinates
2
. In suh ases, the urvature salar RµνρσRµνρσ diverges. There is
no metri there, and the Einstein equations annot be dened.
An essential or true singularity should not be interpreted as a representation
of a physial objet of innite density, innite pressure, et. Sine the singularity
does not belong to the manifold that represents spaetime in General Relativity,
it simply annot be desribed or represented in the framework of suh a theory.
General Relativity is inomplete in the sense that it annot provide a full de-
sription of the gravitational behavior of any physial system. True singularities
are not within the range of values of the bound variables of the theory: they do
not belong to the ontology of a world that an be desribed with 4-dimensional
dierential manifolds.
Singularities do not belong to lassial spaetime. This is not surprising
sine singularities are extremely ompat systems. At suh small sales, relations
among things should be desribed in a quantum mehanial way. If spaetime
2
In Cartesian oordinates the Kerr singularity ours at x2 + y2 = a2c−2 and z = 0.
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is formed by the events that our to things, it should be represented through
quantum mehani theory when the things are desribed by a quantum theory.
Sine even in the standard quantum theory time appears as a ontinuum variable,
a new approah is neessary.
Spaetime singularities are expeted to be overed by horizons. Although
formation mehanisms for naked singularities have been proposed, the following
onjeture is usually onsidered valid:
• Cosmi Censorship Conjeture (Roger Penrose): Singularities are always
hidden behind event horizons.
The lassial referenes on singularities are Hawking and Ellis (1973) and
Clarke (1993).
10. Wormholes
A wormhole is a region of spaetime with non-trivial topology. It has two mouths
onneted by a throat (see Figure 6). The mouths are not hidden by event
horizons, as in the ase of blak holes, and, in addition, there is no singularity to
avoid the passage of partiles, or travelers, from one side to the other. Contrary
to blak holes, wormholes are holes in spaetime, i.e. their existene implies a
multiple-onneted spaetime.
There are many types of wormhole solutions for the Einstein eld equations
(see Visser 1996). Let us onsider the stati spherially symmetri line element,
ds2 = e2Φ(l)c2dt2 − dl2 − r(l)2dΩ2
where l is a proper radial distane that overs the entire range (−∞,∞). In
order to have a wormhole whih is traversable in priniple, we need to demand
that:
1. Φ(l) be nite everywhere, to be onsistent with the absene of event hori-
zons.
2. In order for the spatial geometry to tend to an appropriate asymptotially
at limit, it must happen that
lim
r→∞
r(l)/l = 1
and
lim
r→∞
Φ(l) = Φ0 <∞.
The radius of the wormhole is dened by r0 = min{r(l)}, where we an set l = 0.
To onsider wormholes whih an be traversable in pratie, we should in-
trodue additional engineering onstraints. Notie that for simpliity we have
onsidered both asymptoti regions as interhangeable. This is the best hoie
of oordinates for the study of wormhole geometries beause alulations result
onsiderably simplied. In general, two pathes are needed to over the whole
range of l, but this is not notied if both asymptoti regions are assumed similar.
The stati line element is:
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ds2 = e2Φ(r)c2dt2 − e2Λ(r)dr2 − r2dΩ2, (60)
where the redshift funtion Φ and the shape-like funtion e2Λ haraterize the
wormhole topology. They must satisfy:
1. e2Λ ≥ 0 throughout the spaetime. This is required to ensure the niteness
of the proper radial distane dened by dl = ± eΛ dr. The ± signs refer to
the two asymptotially at regions whih are onneted by the wormhole
throat.
2. The preise denition of the wormhole's throat (minimum radius, rth) en-
tails a vertial slope of the embedding surfae
lim
r→r+
th
dz
dr
= lim
r→r+
th
±
√
e2Λ − 1 = ∞. (61)
3. As l → ±∞ (or equivalently, r → ∞), e2Λ → 1 and e2Φ → 1. This is the
asymptoti atness ondition on the wormhole spaetime.
4. Φ(r) needs to be nite throughout the spaetime to ensure the absene of
event horizons and singularities.
5. Finally, the aring out ondition, that asserts that the inverse of the em-
bedding funtion r(z) must satisfy d2r/dz2 > 0 at or near the throat.
Stated mathematially,
− Λ
′ e−2Λ
(1− e−2Λ)2 > 0. (62)
This is equivalent to state that r(l) has a minimum.
Stati wormhole strutures as those desribed by the above metri require
that the average null energy ondition must be violated in the wormhole throat.
From the metri oeients an be established (e.g. Morris and Thorne 1988,
Visser 1996):
Gtt +Grr < 0, (63)
where Gtt and Grr are the time and radial omponents of the Einstein tensor:
Gµν = Rµν − 12gµνR.
This onstraint an be ast in terms of the stress-energy tensor of the matter
threading the wormhole. Using the eld equations, it reads
Ttt + Trr < 0, (64)
whih represents a violation of the null energy ondition. This implies also
a violation of the weak energy ondition (see Visser 1996 for details). Plainly
stated, it means that the matter threading the wormhole must exert gravitational
repulsion in order to stay stable against ollapse. Although there are known
violations to the energy onditions (e.g. the Casimir eet), it is far from lear at
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Figure 6. Embedding diagrams of wormholes. Adapted from Misner
et al. (1973).
present whether large marosopi amounts of exoti matter exist in nature. If
natural wormholes exist in the universe (e.g. if the original topology after the Big-
Bang was multiply onneted), then there should be observable eletromagneti
signatures (e.g. Torres et al. 1998). Currently, the observational data allow
to establish an upper bound on the total amount of exoti matter under the
form of wormholes of ∼ 10−36 g m−3. The prodution of this kind of matter in
the laboratory is ompletely out of the urrent tehnial possibilities, at least in
signiant marosopi quantities.
Finally, we mention that a wormhole an be immediately transformed into
a time mahine induing a time-shift between the two mouths. This an be
made through relativisti motion of the mouths (a speial relativity eet) or by
exposing one of them to an intense gravitational eld (see Morris and Thorne
1988 and Morris et al. 1988 for further details; for the paradoxes of time travel,
see Romero and Torres 2001).
11. The future of blak holes
Aording to Eq. (59), an isolated blak hole with M = 10 M⊙ would have a
lifetime of more than 1066 yr. This is 56 orders of magnitude longer than the age
of the universe
3
. However, if the mass of the blak hole is small, then it ould
evaporate within the Hubble time. A primordial blak hole, reated by extremely
energeti ollisions short after the Big Bang, should have a mass of at least 1015
g in order to exist today. Less massive blak holes must have already evaporated.
What happens when a blak hole losses its mass so it annot sustain an event
horizon anymore?. As the blak hole evaporates, its temperature raises. When
it is old, it radiates low energy photons. When the temperature inreases, more
and more energeti partiles will be emitted. At some point gamma rays would
be produed. If there is a population of primordial blak holes, their radiation
3
We assume that the universe originated at the Big Bang, although, of ourse, this needs not
to be neessarily the ase.
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should ontribute to the diuse gamma-ray bakground. This bakground seems
to be dominated by the ontribution of unresolved Ative Galati Nulei and
urrent observations indiate that if there were primordial blak holes their mass
density should be less than 10−8 Ω, where Ω is the osmologial density param-
eter (∼ 1). After produing gamma rays, the mini blak hole would produe
leptons, quarks, and super-symmetri partiles, if they exist. At the end the
blak hole would have a quantum size and the nal remnant will depend on the
details of how gravity behaves at Plank sales. The nal produt might be a
stable, mirosopi objet with a mass lose to the Plank mass. Suh partiles
might ontribute to the dark matter present in the Galaxy and in other galaxies
and lusters. The ross-setion of blak hole relis is extremely small: 10−66
m
2
(Frolov and Novikov 1998), hene they would be basially non-interating
partiles.
A dierent possibility, advoated by Hawking (1976), is that, as a result of
the evaporation nothing is left behind: all the energy is radiated. This reates
a puzzle about the fate of the information stored in the blak hole: is it radi-
ated away during the blak hole lifetime or does it simply disappear from the
universe?.
Independently of the problem of mini blak hole relis, it is lear that the
fate of stellar-mass and supermassive blak holes is related to fate of the whole
universe. In an ever expanding universe or in an aelerating universe as it
seems to be our atual universe, the fate of the blak holes will depend on the
aeleration rate. The loal physis of the blak hole is related to the osmi
expansion through the osmologial sale fator a(t), whih is an arbitrary (pos-
itive) funtion of the o-moving time t. A Shwarzshild blak hole embedded in
a Friedmann-Robertson-Walker universe an be represented by a generalization
of the MVittie metri (e.g. Gao et al. 2008):
ds2 =
[
1− 2GM(t)a(t)c2r
]2
[
1 + 2GM(t)a(t)c2r
]2 c2dt2 − a(t)2
[
1 +
2GM(t)
a(t)c2r
]4
(dr2 + r2dΩ2). (65)
Assuming that M(t) = M0a(t), with M0 a onstant, the above metri an
be used to study the evolution of the blak hole as the universe expands. It is
usual to adopt an equation of state for the osmi uid given by P = ωρ, with ω
onstant. For ω < −1 the universe aelerates its expansion in suh a way that
the sale fator diverges in a nite time. This time is known as the Big Rip.
If ω = −1.5, then the Big Rip will our in 35 Gyr. The event horizon of the
blak hole and the osmi apparent horizon will oinide for some time t < tRip
and then the singularity inside the blak hole would be visible to observers in
the universe. Unfortunately for urious observers, Shwarzshild blak holes
surely do not exist in nature, sine all astrophysial bodies have some angular
momentum and is reasonable then to expet only Kerr blak holes to exist in the
universe. Equation (65) does not desribe a osmologial embedded Kerr blak
hole. Although no detailed alulations exist for suh a ase, we an speulate
that the observer would be allowed to have a look at the seond horizon of the
Kerr blak hole before being ripped apart along with the rest of the osmos. A
rather dark view for the Doomsday.
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12. Conlusions
Altogether, it is surely darker than you think
4
.
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